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Abstract
Using a simple geometric framework with a realistic nuclear density distribution, we fit published HERMES data to determine
fundamental properties of hadronization using the nuclear medium as a spatial analyzer. Our approach uses a fit to the transverse
momentum broadening observable and the hadronic multiplicity ratio; the simultaneous fit to two different observables strongly
constrains the outcome. Using the known sizes of the target nuclei, we extract the color lifetime, finding a zh-dependent range
of values from 2 to 8 fm/c for these data. We also extract estimates for the qˆ transport coefficient characterizing the strength of
the interaction between the quark and the cold nuclear medium, finding an average value of 0.035±0.011 GeV2/fm. With a three-
parameter model we obtain satisfactory fits to the data with a goodness-of-fit parameter χ2/DOF of 1.1 or less. In a secondary
fit of the results from that model we independently find a value for the Lund String Model string tension of 1.00±0.05 GeV/fm.
We evaluated the sensitivity for extracting quark energy loss and effective in-medium hadronic cross sections using four-parameter
variants of the model, finding large uncertainties in both cases. Our results suggest that hadronic interaction of forming hadrons in
the nuclear medium is the primary dynamical cause of meson attenuation in the HERMES data, with quark energy loss playing a
more minor role.
Keywords: Lepto-Nuclear Scattering — Electron-Ion Collider — Lund String Model — Color Confinement — Transport
Coefficient — Quark Structure of Nuclei
Introduction. Data from the highest energy scattering achieved
to date continue to be successfully described by perturbative
Quantum Chromo Dynamics (pQCD) [1]. Important progress
also continues to be made in various non-perturbative sec-
tors and closely related areas, such as lattice QCD [2, 3],
AdS/QCD [4, 5, 6], effective field theory [7, 8], and two-particle
correlations in collisions of hadronic systems [9, 10]. Over the
next decade, breakthrough progress is expected in key areas
such as understanding quark confinement in QCD [11, 12].
However, an important soft process with little quantitative
progress since the 1970’s development of the Lund string model
is that of hadronization, despite that this process occurs in every
high-energy interaction producing hadronic final states. The
hadronization process encodes two fundamental subprocesses:
the quasi-free propagation of QCD color charge, not confined
within a hadronic bound state; followed by the formation over
a finite space-time interval of color-singlet hadrons.
In this paper we analyze data from the HERMES Collabo-
ration [13, 14]. We use a unique new approach that combines
two related observables, the transverse momentum broadening
and the hadronic multiplicity ratio, to estimate the color lifetime
and the qˆ transport coefficient by comparing data from nuclei of
different sizes. We define color lifetime as the duration of time
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over which a propagating object persists in a state with net color
charge 1. In this work we focus on fundamental processes in the
cold matter of atomic nuclei at high Bjorken-x (xBj).
Unlike pQCD cross section calculations, the computation of
observables related to the propagation of a parton through a
strongly interacting medium is not yet at the stage of precise
computations. These studies contain elements of long-distance
physics that limit the final precision. Several reviews have ap-
peared over the past two decades [15, 16, 17, 18, 19]. Important
quantities which appear in these studies include the transport
coefficients qˆ and eˆ, which relate to the transverse momentum
broadening and the longitudinal energy loss of partons, respec-
tively. The color lifetime of the propagating parton must be
considered in making estimates of the transport coefficients.
The HERMES data from the 1990’s opened the era of quanti-
tative studies of color propagation in the cold medium by using
atomic nuclei as targets for DIS. Such data use the nuclei as
spatial analyzers of well-known dimensions, permitting space-
1In older theoretical works, quantities similar to the color lifetime defined
here have been referred to as the production time or production length, indicat-
ing the time or distance required to form a color singlet object within a particu-
lar model approach. We believe color lifetime better represents the significance
of this quantity, particularly in the context of in-medium processes, where the
color propagation phase can specifically be identified with the transverse mo-
mentum broadening, an experimental observable.
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time analyses of the data. This opportunity has been anticipated
for decades [20, 21], but could not be realized for the measure-
ments preceding HERMES because of the absence of identified
hadrons in the final state.
The first HERMES data ruled out several theoretical mod-
els. Yet, other models were able to describe the data us-
ing approaches with very different dynamical explanations.
One approach attributed the origin of the HERMES multi-
plicity ratio measurements to the energy loss of quarks via
gluon bremsstrahlung [22, 23, 24, 25]. The transverse mo-
mentum broadening data from HERMES were able to be de-
scribed in a purely partonic picture [26]. Alternatively, pre-
scriptions were developed that explained the multiplicity ratio
data exclusively by interactions of forming hadrons [27, 28] or
by a mixture of partonic and hadronic interactions [29, 30].
This controversy remains unresolved. The published mod-
els described single observables in one dimension, a natural
starting point, but the least stringent test possible. Further-
more, no model exists that describes all of the two-dimensional
HERMES data [31], although mesons-only approaches have
had some success [32, 30]. Now, prospects for discoveries
in our understanding of color propagation are brighter due to
new data on semi-inclusive deep inelastic scattering on nuclei
(nSIDIS) with identified final-state hadrons. The PID capability
is mandatory for quantitative studies of the dynamics involved.
In the present work, we attempt to make progress toward a
resolution of this controversy by modeling the data for two ob-
servables simultaneously, in one dimension. We also incorpo-
rate a realistic nuclear density distribution which we consider
to be mandatory for any quantitative comparisons to data [33].
We use a minimum of theoretical assumptions, aiming for a
geometrical description in space-time variables, and fit to the
data to extract dynamical information. The dynamical behav-
ior, such as the unknown dependence of the color lifetime on
the parameter zh ≡ Eh/ν (where Eh is the hadron energy and ν
is the energy transfer), is not prescribed by our model but rather
emerges from the behavior of the fit in the various kinematic
bins for four different nuclei. The model uses the known den-
sity distributions of nuclei to extract geometrical information
on the color lifetime, on the qˆ transport coefficient, and on the
(pre-)hadron inelastic interaction cross section in the medium.
It also provides approximate information on the longitudinal
energy loss. The aim of this work is to extract basic features of
the interaction within simple assumptions.
In our modeling we neglect two-photon exchange [34]. In
SIDIS for xBj > 0.1, the process of quark-antiquark pair pro-
duction by the virtual photon is negligible [35]. Thus, the full
energy and momentum of the virtual photon is absorbed by one
valence quark, as shown in Fig. 1. Because the energy and
momentum of the virtual photon are measured directly using
the scattered lepton, the quark’s initial conditions are quite well
known, a unique and powerful constraint.
Experimental Observables. Two experimental observables are
used simultaneously in this study: the transverse momentum
broadening and the multiplicity ratio. The transverse momen-
tum broadening experimental observable is defined as the shift
Figure 1: A schematic diagram of the nSIDIS process illustrating our definition
of the color length and formation length. The emitted gluons shown are stim-
ulated by multiple scattering in the medium, while the medium-independent
gluon emission that would also happen in the vacuum is not shown in the dia-
gram.
in the mean value of the transverse momentum distribution of
hadrons in a larger nucleus A relative to a smaller nucleus D:
∆〈p2T〉(Q2, ν, zh) ≡
〈
p2T(Q
2, ν, zh)
〉 ∣∣∣∣∣
A
−
〈
p2T(Q
2, ν, zh)
〉 ∣∣∣∣∣
D
(1)
This observable is sensitive to the parton-level multiple scatter-
ing mentioned above.
The second experimental observable, the hadronic multiplic-
ity ratio, is defined as follows:
RhM(Q
2, ν, zh, pT) ≡
Nh(Q2, ν, zh, pT)
Ne(Q2, ν)
∣∣∣∣∣
A
Nh(Q2, ν, zh, pT)
Ne(Q2, ν)
∣∣∣∣∣
D
(2)
This observable is equal to unity in the absence of all nuclear
effects. In the pion data used in this study, RhM is generally less
than unity, i.e., a suppression of hadrons is observed.
Definition of Characteristic Times and Lengths. We consider
the struck quark moving away from the initial interaction point,
traveling as a colored object that emits gluons. After propa-
gating a particular distance, a color singlet system forms from
the struck quark and (in the case of a produced meson) an anti-
quark, where this qq¯ pair is ultimately contained in the final-
state meson. We define the color length Lc as the distance
needed to produce the color singlet system. We define the color
lifetime τc as this length divided by the average velocity of the
quark, which we take as the speed of light. While we use the
concept of length here, it is important to note that the funda-
mental property is actually a lifetime, which as a time interval
would be subject to time dilation if boosted to a different refer-
ence frame. We define the formation length Lf as the additional
distance required for the meson to completely form, i.e., to at-
tain its full mass, and the corresponding time as τf . With these
definitions, the total time required to produce a fully formed
2
meson starting from the hard interaction is τc + τf . In this paper
we are measuring Lc, and from it we can infer τc. We do not
extract τf directly, however, it is probed indirectly by the inelas-
tic cross section, since the hadron is often sufficiently formed to
interact hadronically within the medium in HERMES kinemat-
ics, according to our results. We note that some authors use
different conventions for these terms [36][37].
In this work we focus on the hadrons that contain the struck
quark. Hadrons with zh > 0.5 are expected to have a substan-
tially higher probability of containing the struck quark, while
hadrons with zh < 0.5 are expected to be increasingly domi-
nated by target fragmentation kinematics [38, 39].
Process Modifications Due to the Nuclear Medium. In the nu-
clear medium, the above process has two additional features.
First, the propagating colored object can interact elastically
with the constituents of the medium, stimulating radiative en-
ergy loss through additional gluon emission. This has the ef-
fect of reducing the quark energy, and broadening the trans-
verse momentum distribution of the quark. As a consequence,
the transverse momentum distribution of the produced hadron
is also slightly broader, and on average the produced hadron
has slightly less energy. The most basic parameter that repre-
sents the color interaction with the medium is the qˆ transport
coefficient, which has the operational definition of:
qˆ =
dp2⊥
d`
∣∣∣∣∣
density-weighted average
(3)
where p⊥ is the medium-induced part of the parton transverse
momentum and ` is the longitudinal coordinate along the par-
ton’s path. The qˆ transport coefficient is in general a function
of multiple variables such as energy and virtuality [40]. Trans-
verse momentum broadening is sensitive to the nuclear quark-
gluon correlation functions [41, 42] and thus qˆ is an important
probe of the quark structure of atomic nuclei. Efforts are un-
derway to calculate this quantity using lattice QCD [43] in the
hot matter environment, but not yet in cold matter. In the stan-
dard formulation of in-medium color interactions, the partonic
energy loss and the transverse momentum broadening are both
proportional to qˆ [15], highlighting its central importance in
color propagation studies. In the BDMPS-Z formulation2 there
is a critical parton path length and a critical parton energy [17]
which are interrelated. For path lengths less than the critical
length, the nominal equation describing the connection to light
quark radiative energy loss is:
∆E =
αSNc
4
qˆ
〈
Lcin-medium
〉2
(4)
The second feature due to the medium is that the produced
prehadron can interact with the constituents of the medium. At
the hadron energies relevant to this study, the inelastic cross
section dominates the elastic cross section and thus the main
2BDMPS-Z represents foundational work performed by Baier, Dokshitzer,
Mueller, Peigne, and Schiff, and in parallel by Zakharov, for which all refer-
ences can be found in Reference [15].
effect from the medium is for the prehadron to interact inelasti-
cally, producing more hadrons of lower energies than would be
observed in the vacuum process. In terms of the zh variable de-
fined above, these hadrons tend to emerge at much lower zh. In
the vacuum process at the energies considered here, on average
only a few hadrons are produced in a given event; an inelastic
interaction with the nuclear medium may produce a hadronic
cascade, in which case on average the original value of zh will
be reduced by a factor of a few, shifting the spectrum to much
lower zh values for events where these interactions occur.
At least two different phenomena can contribute to the ∆p2T
measurement. To illustrate this, one can use Equation 2 in ref-
erence [44]:
~pT = z~k⊥ + ~p⊥ (5)
where ~pT is the transverse momentum of the produced hadron,
~k⊥ is the intrinsic transverse momentum of the quark, and ~p⊥
is the transverse momentum of the hadron h with respect to the
direction k′ of the fragmenting quark; for a complete discussion
of the kinematics, see [45]. In the vacuum process,〈
p2T
〉
≈
〈
k2⊥
〉
· z2h +
〈
p2⊥
〉
(6)
and thus in the medium, using Equation 1 to compare two nuclei
D and A of different sizes,
∆〈p2T〉 ≈ ∆〈p2⊥〉 + z2h∆〈k2⊥〉 (7)
where the final hadron transverse momentum broadening has
two components: a broadening term depending on the initial
state k⊥ distribution that scales with z2h, and a broadening term
that depends on the final state fragmentation process and which
thus reflects interactions with the nuclear medium. Since the
distribution of longitudinal momentum fraction xBj is known to
be modified in bound nucleons, as observed in the well-known
EMC effect [46, 47, 48], it is expected that there is also a cor-
responding modification in the initial state transverse momen-
tum distribution. Thus, ∆〈k2⊥〉 may be different from zero when
comparing nuclei of different sizes.
Model Approach. The model used in this work contains param-
eters that are determined by a simultaneous fit to the HERMES
data for transverse momentum broadening and multiplicity ra-
tio. Each fit is performed for a single bin in zh. Four bins in zh
are considered for the helium, neon, krypton, and xenon nuclei,
using deuterium as a reference. The baseline model (BL) has
three parameters: the mean color length, a parameter q0 related
to the qˆ function of Equation 3, and a parameter representing the
∆〈k2⊥〉 discussed immediately above. We also explored variants
of the model, such as (1) incorporation of quark energy loss,
and (2) fitting to determine the effective hadronic cross section.
The model uses a realistic density distribution [49] of the
Woods-Saxon form to describe the four heavier nuclei. The
Monte Carlo technique is used to average over the initial po-
sitions of the struck quark in the nucleus, with an interaction
probability weighting proportional to the density function. The
distribution of color lengths was modeled in two ways: (1) by a
decaying exponential function and (2) by a constant value (delta
3
function). A straight line trajectory of the struck quark was as-
sumed, and the integral of density as a function of path length
was computed for the color length Lc and for the hadron path-
length lh. Transverse momentum broadening was taken to be
proportional to this integral for Lc, weighted by the q0 param-
eter, and suppression due to a hadronic interaction was taken
to be proportional to a decaying exponential using the effec-
tive hadronic cross section and the hadron pathlength. It was
initially assumed that the fit parameters are independent of the
nucleus considered. In a subsequent test we relaxed this as-
sumption, and observed very little change in the parameters.
Specifically, the form of the pT broadening calculation is
given as:
∆〈p2T〉 = q0
〈∫ z0+L∗c
z0
ρ(x0, y0, `)d`
〉
x0,y0,z0,Lc
+ z2h∆〈k2⊥〉 (8)
where ` is the spatial coordinate of integration along the path of
the parton, (x0, y0, z0) is the coordinate of the hard interaction
point, q0 is a fit parameter related to the qˆ transport coefficient,
Lc is a fit parameter representing the characteristic color length,
L∗c is the lesser of Lc or the distance from z0 to the sphere of inte-
gration surface, z2h∆k
2
T is fitted as a single additional parameter,
and ρ is the nuclear density function. The Monte Carlo distri-
butions are generated uniformly in (x, y, z) within an integra-
tion sphere centered at (0,0,0); Lc is either randomly generated
event-by-event as a decreasing exponential or else taken as a
constant value; and each (x, y, z) point is subsequently assigned
a weight proportional to the nuclear density at that point. The
underlying physical picture assumed in the proportionality of
broadening to this integral is that of a classical diffusion equa-
tion, as conventionally used in theoretical treatments [50].
The form of the multiplicity ratio is given in the following
equation:
〈RM〉 =
〈
exp
(
−σ
∫ zmax
z0+L∗c
ρ(x0, y0, `)d`
)〉
x0,y0,z0,Lc
(9)
where the symbols are as defined for the previous equation, σ is
the effective hadron-nucleon cross section, and zmax is the max-
imum value of the coordinate z that is still inside the integration
sphere. This equation integrates over the hadron pathlength lh
mentioned earlier. In the baseline model, σ is taken to be the
experimentally measured pion-nucleon cross section [51].
The fit of these two quantities is performed using Minuit [52]
in one zh bin at a time for all of the nuclei. The power of the
fit of the multiplicity ratio and the pT broadening for all of the
nuclei originates in the simultaneous nature of the fit. For ex-
ample, for fixed q0 in a specific event, a longer color length Lc
necessarily produces a shorter hadron pathlength lh. This will
be visible in the fit as more broadening and less hadron atten-
uation in a given bin in zh. Because these observables have
a measured characteristic variation for the four heavier nuclei,
the fit is strongly constrained.
In a variant of the baseline model described above, quark en-
ergy loss is estimated by fitting energy loss as a reduction in en-
ergy transfer ν which thus references a higher value of zh in the
fragmentation function, modifying the multiplicity ratio to be
smaller due to the pion fragmentation function. Unmodified zh
distribution from Pythia6 [53] and from the DSS fragmentation
functions [54, 55, 56] were used to represent the fragmentation
function. We find the total quark energy loss ∆E to be small,
as described below. In a second variant of the baseline model,
we fitted the effective hadronic cross section instead of fixing it
at the experimental pi-nucleon values [51]. The resulting values
are compatible with the experimentally measured values, but
have a large uncertainty.
The primary aim of this work is to estimate the color life-
time of the energetic struck quark. In our model, the strongest
constraints on this quantity are the shape of the distribution of
pT broadening vs. A1/3 and the magnitude of the multiplic-
ity ratio. In the case that the color length is much longer than
the diameter of the largest nucleus, in this model this distribu-
tion ∆p2T(A
1/3) simply becomes a linear function proportional to
A1/3. However, if the color length is smaller than the diameter
of the largest nucleus, it introduces a curvature and a reduc-
tion in the magnitude of this function. Similarly, if the color
length is very short, then the colored system turns into a hadron
quickly, thus the hadron attenuation seen in the multiplicity ra-
tio is very strong due to the hadronic interaction in the medium.
These two effects are illustrated in Fig. 2, where small Lc is
associated with curvature in ∆p2T and with strong attenuation
in RhM. In Fig. 2 one can also see the experimental sensitivity
to the distribution of the color lengths. In the bottom row are
the results for fixed color lengths, i.e., for each curve the color
length is a single value that does not vary event-by-event, for
pT broadening (lower middle panel) and the multiplicity ratio
(lower right panel). The effect of a color length distribution is
shown in the upper row in Fig. 2. As can be seen from this fig-
ure, the curvature in ∆p2T persists to much longer average values
of the color length, and the broadening is reduced compared to
the case of fixed color length. This is due to the decaying ex-
ponential form used in the model for the color length. This
demonstrates that there is experimental sensitivity to the form
of the color length distribution with precision measurements in
the future, as long as multiple nuclei spanning the full range of
A1/3 can be compared.
Treatment of data. The binning for the HERMES multiplicity
ratios is different from that for the pT broadening data. There-
fore, an interpolation was performed of the multiplicity ratio as
a function of zh in order to obtain the correct values for the bins
to compare to the pT broadening data.
Results and Discussion. Example results of the simultaneous
fit to the data for the four zh bins are shown in Fig. 3 for the
baseline model. In Table 1 the results for two other model vari-
ants are shown. The lower fit quality for the lowest value of
zh in all cases could be due to the limitations of the assump-
tions of the model, which do not take into account the effects
of hadronic cascades and subleading hadrons, including target
fragmentation, which will preferentially populate the low-zh re-
gion of the multiplicity ratio. This table gives both the values
of chi-squared per degree of freedom of the fit of the model to
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Lund string model are shown in red and blue with shaded areas representing
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mulations. The curve labeled LSM is Equation 10 (see supplementary mate-
rial), while the curve labeled Bialas is from a 1987 paper by Bialas and Gyu-
lassy [57].
the data (center of the table) and the values for the secondary
fit of the model results to analytical formulae (right side of the
table).
In the following we report on the fit parameters found. First,
the estimates for the color length Lc are shown in Fig. 4 for the
baseline model. The horizontal axis is shown as z and not zh to
compare the data to theoretical formulations, and the horizon-
tal uncertainties represent the shift between these two related
quantities (see supplementary material). We find this parameter
to range from 2 to 8 fm for the HERMES data. We find the
dependence on zh to be compatible with the form given by the
Lund string model [58] for the struck quark (see supplementary
material for derivation) which is:
τc =
1
2βcκ
(
MP + ν +
√
ν2 + Q2 − 2νzh
)
(10)
where Mp is the proton mass.
If we subsequently fit our results to the Lund string model
form of Eq. 10, leaving the string constant as a free parame-
ter, we independently find a value that is consistent with the
well-established value of 1 GeV/fm, as seen in Fig. 4; Table 1
gives the fitting results for the baseline model and two model
variants. This result both confirms the basic validity of our ap-
proach, and is also consistent with our observation that quark
energy loss is a minor factor in describing hadron attenuation
at HERMES in our approach, since we get good fits to the data
without invoking it at all. This was previously observed with
the the GiBUU model [59] applied to HERMES and EMC data,
where good agreement with the data was obtained with no use
of quark energy loss, even at the 100-280 GeV beam energies
of the EMC experiment. Kopeliovich and collaborators [29, 30]
also find hadronic interactions to be the major mechanism for
the HERMES data.
Next, in Fig. 5, we show values of the averaged qˆ, the param-
eter that specifies the quark-level broadening due to final-state
partonic multiple scattering, introduced in Equation 3.
The value for qˆ found in our model is approximately 0.035
GeV2/fm, and within the fit uncertainties there is no depen-
dence on the nuclear size, as seen in Fig. 5. This value is
compatible with, but larger than, the results of a recently pub-
lished global analysis that included the HERMES data [60]. It
is also compatible with an extraction from E866 Drell-Yan data
of the gluon transport coefficient at
√
s = 38.7 GeV [61] of
0.075+0.015−0.05 GeV
2/fm which was used to describe proton-lead
collision data at
√
s = 5 TeV [62]; to compare to our result
for the quark transport coefficient, it is necessary to correct
for the color factor of 9/4, resulting in 0.033+0.007−0.02 , in excel-
lent agreement with our results. However, our value is sig-
nificantly smaller than that found from a study of the HER-
MES data from 2015 [33] which obtained a value of 0.74 ±0.03
GeV2/fm. Thus, even for recent work, it remains the case that
different approaches yield different values for qˆ, so that more
study of this fundamental quantity is needed for cold matter.
In the baseline model we include the experimentally mea-
sured pion-nucleon cross section. In the model variant where
that cross section is a fit parameter, our results for the hadronic
cross section are basically independent of zh and are quite con-
sistent with published pion-nucleon cross sections [51]. We find
an average value for zh > 0.5 of 22 mbarn, however, the fit un-
certainties are greater than 50%, thus they are also compatible
with a reduced cross section as might be expected for forming
hadrons.
For fits that included quark energy loss, the value found was
consistent with zero, with uncertainties in the 1-3 GeV range.
The inclusion of quark energy loss did not uniformly improve
the fits to the data, as can be seen in Table 1. Thus far, these data
do not have enough precision to determine quark energy loss
well in our approach. As a general pattern, phenomenological
approaches that seek to explain the multiplicity ratio entirely
by quark energy loss result in larger values of qˆ, which then
tends to cause a tension with the small measured values of pT
broadening. This reinforces the value of the simultaneous fit to
the two observables that we have performed here.
Summary and Conclusions. We have used HERMES data to
estimate the color lifetime of the struck quark in semi-inclusive
deep inelastic scattering on nuclei. The dynamical behavior is
not prescribed by our model but rather emerges from the be-
havior of the fit in the various kinematic bins for four different
nuclei. The interactions with the nuclear medium of the struck
quark, and the subsequent forming hadron that contains it, re-
veal the details of the color propagation and hadron formation
process at the femtometer scale. We defined the important ele-
ments of the physical picture within a simple geometric frame-
work that primarily relies on the well-known density distribu-
tions of heavier nuclei. We performed simultaneous fits of two
observables: the multiplicity ratio and the transverse momen-
6
Table 1: Results from fits to the data and to analytical expressions for the color length that are connected to the Lund String Model. The label “struck quark” refers
to Equation 10 (see supplementary materials). The label “B&G” refers to a 1987 paper by Bialas and Gyulassy [57].
χ2/dof of fit to data vs. zh Fit of results to LSM analytical forms
Model Variant Free parameters 0.32 0.53 0.75 0.94 Analytical form κ (GeV/fm) χ2/dof
Baseline Model 3 0.72 1.11 0.86 0.39 struck quark 1.00 ± 0.05 1.32
with fixed hadronic cross-section B&G 0.85 ± 0.05 0.68
Baseline Model 4 0.78 1.38 0.96 0.48 struck quark 0.99 ± 0.27 0.23
with free hadronic cross-section B&G 0.87 ± 0.24 0.45
Baseline Model 4 0.88 1.41 1.18 0.56 struck quark 1.1 ± 0.1 1.4
with quark energy loss B&G 0.88 ± 0.95 1.6
2 4 6
A1/3
0.02
0.04
0.06
0.08
0.10
0.12
qˆ
(G
eV
2
/f
m
)
average = 0.035± 0.011 GeV2/fm
Fit result
Figure 5: The values of the transport coefficient qˆ for neon, krypton and xenon
resulting from the transverse momentum broadening and multiplicity ratio si-
multaneous fit. The error bars represent the fit uncertainty.
tum broadening. We explored fits within this framework that
had either three or four free parameters, always including the
color lifetime, a quark-medium interaction parameter related to
the qˆ transport coefficient, and the intrinsic δk2T , and as vari-
ants including an hadronic interaction cross section to represent
interactions between the medium and forming hadron, and the
total energy loss of the struck quark in the medium. The re-
sult for the color length was stable in all model variants and
ranged from 2 fm to 8 fm for the HERMES data, depending on
the relative energy fraction zh of the formed hadron. The trans-
port coefficient qˆ was determined to be 0.35 ± 0.11 GeV2/fm.
Within this framework we independently estimated the Lund
String Model string tension κ to be 1.00 ±0.05 GeV/fm using
the baseline model and the struck quark formulation of that
model. We also found there can be experimental sensitivity
to the analytical form of the distribution of the color lifetime
as shown in Fig. 2, which can be used in more precise data
in the future to constrain and characterize this function. We
hope that this work will inspire others to perform more sophis-
ticated theoretical efforts in the future to definitively pin down
the hadronization mechanisms revealed by such experimental
data.
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Supplementary Information
1. Color Lifetime in Lund String Model - Struck Quark
In this supplementary information we derive the Lund String Model (LSM) expression for the
color lifetime of the struck quark in first approximation, using massless quarks and treating only
the rank-1 hadron that contains the struck quark. Consider a proton of mass M initially at rest,
and an incoming virtual photon in the z˜ direction. Defining the proton and photon 4-vectors,
p = (M, 0, 0, 0) (1)
q = (ν, 0, 0, pz˜) (2)
squaring both sides of the latter equation, and defining q2 = −Q2, we can write the virtual photon
longitudinal momentum as:
p2z˜ = ν
2 + Q2 (3)
We will choose the positive solution of the square root of pz˜, and assume that Q2/ν2  1:
pz˜ =
√
ν2 + Q2 = ν
√
1 + Q2/ν2 ≈ ν (4)
Expressing the dynamics on the light cone, the components P± = E ± pz˜ of the total four-
momentum vector can be written:
P+ = P+proton + P
+
photon = M + 2ν (5)
P− = P−proton + P−photon = M (6)
For a hadron h formed from a qq¯ pair propagating over some space-time distance, p+h p
−
h = m
2 +
p2⊥ ≡ m2⊥, the variable used in the LSM fragmentation function. The forming hadron carries a
fraction z of the energy-momentum P+, such that p+h = zP
+ (see Fig. 1), and thus p−h = m
2⊥/(zP+)
because the shaded region in the figure has area m2⊥. As is also clear from the figure, p−h = p
−
vert
The transition from propagating struck quark to forming hadron occurs when a new qq¯ pair is
created, the point labeled ”vertex” in the plot, and the antiquark becomes part of the leading
hadron. The time interval T and the space interval L that precede the creation of the vertex can
be calculated as follows:
p+vertex ≡ Evertex + pz,vertex = κ(T + L) = (1 − z)P+ (7)
p−vertex ≡ Evertex − pz,vertex = κ(T − L) = m2⊥/(zP+) (8)
where κ is the LSM string tension, and E = κT and pz˜ = κL from the relations dEdt = κ and
dpz˜
dz˜ = κ
for longitudinal coordinate z˜.
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Solving for L and using Eq. 5 for P+:
L =
1
2κ
(
(1 − z)(M + 2ν) − m
2⊥
z(M + 2ν)
)
(9)
If we do not want to make the initial approximation ν  Q2, then for the full expression we
have:
κL =
M
2
+ ν(1 − zh) + 12ν

√
1 +
Q2
ν2
− 1
 (10)
Finally, in the discussions in this paper, we have used two related forms of the relative energy
of a hadron: zh = Eh/ν, which was used in the HERMES papers and which is traditionally used
for experimental work, and z = p
+
h
P+ as written above, which is relevant for calculations on the
light cone. The relationship between the two takes the following form:
z =
p+h
P+
=
Eh + ph,z
M + 2ν
= zh
1 +
√
1 − m2⊥/(zhν)2
M/ν + 1 +
√
1 + Q2/ν2
(11)
(1  z)P+
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Figure 1: Space-time diagram to illustrate the discussion of this supplementary material. The time axis is vertical in
the diagram, while the displacement z˜ axis is in the horizontal direction. The first vertex is indicated, and the energy-
momentum fraction z of the forming hadron is indicated as a fraction of the total energy-momentum P+ available from the
initial interaction. Formation of the other hadrons is not shown in the figure. Thus, this formula essentially corresponds
to the struck quark, in pQCD terminology.
2. Model uncertainties
For any non-linear differentiable function F(xi), its variance is approximated by:
σ2F =
∑
i
∂F
∂xi
2
σ2i +
∑
i, j
2
∂F
∂xi
∂F
∂x j
σi, j (12)
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Where the first sum is over all the parameters xi. Hence, the variance of the transverse momentum
broadening, given by Equation (X), is:
σ2
∆〈p2T〉
=
∣∣∣∣∣∣∂∆〈p2T〉∂q0
∣∣∣∣∣∣
2
σ2q0 +
∣∣∣∣∣∣∂∆〈p2T〉∂Lc
∣∣∣∣∣∣
2
σ2Lc +
∣∣∣∣∣∣∂∆〈p2T〉∂∆k2⊥
∣∣∣∣∣∣
2
σ2
∆k2⊥
+ 2
∂∆〈p2T〉
∂q0
∂∆〈p2T〉
∂Lc
σq0,Lc
+ 2
∂∆〈p2T〉
∂q0
∂∆〈p2T〉
∂∆k2⊥
σq0,∆k2⊥
+ 2
∂∆〈p2T〉
∂Lc
∂∆〈p2T〉
∂∆k2⊥
σLc,∆k2⊥
(13)
Which leads to:
σ2
∆〈p2T〉
=
∆p2Tq0
2 σ2q0 + (q0〈ρ(x0, y0, z0 + L〉)2 σ2Lc + z4hσ2∆k2⊥
+ 2∆〈p2T〉〈ρ(x0, y0, z0 + L〉σq0,Lc + 2z2h
∆p2Tq0
σq0,∆k2⊥
+ 2z2h (q0〈ρ(x0, y0, z0 + L〉)σLc,∆k2⊥
(14)
Similarly, for the multiplicity ratio:
σ2RM =
∣∣∣∣∣∂RM∂Lc
∣∣∣∣∣2 σ2Lc (15)
The uncertainty on the multiplicity ratio is:
σ2RM = σ
2〈ρ(x0, y0, z0 + L〉2R2M (16)
For other model variants with additional parameters, the procedure is the same. Note that the
expressions above correspond to the baseline model with three parameters. The expressions
between brackets imply the same average described in the paper over the interaction point coor-
dinates and the distribution of the color lifetime:
〈. . .〉 = 〈. . .〉x0,y0,z0,Lc
These exact error propagation formulas were compared with toy Monte Carlo studies. For toy
Monte Carlo, the fit parameters and the error matrix from TMinuit output is used to generate a
random sample of parameters using a multivariate gaussian distribution. Then both observables
are computed for each point of the random sample and fitted to a one-dimensional gaussian to
extract its width. This width is compatible with the exact results written above.
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